Abstract. We introduce a new type of pluricomplex Green function which has a logarithmic pole along a complex subspace A of a complex manifold X. It is the largest negative plurisubharmonic function on X whose Lelong number is at least the Lelong number of log maxfjf 1 j; : :: ; jf m jg, where f 1 ; : :: ; f m are local generators for the ideal sheaf of A. The pluricomplex Green function with a single logarithmic pole or a nite number of weighted poles is a very special case of our construction. We give several equivalent de nitions of this function and study its properties, including boundary behaviour, continuity, and uniqueness. This is based on and extends our previous work on disc functionals and their envelopes.
If is the characteristic function of a one-point set fag, then G is the pluricomplex
Green function G a of X with a logarithmic pole at a, rst de ned by Klimek 4] . Such functions have also been studied e.g. by Demailly 1] , Edigarian 2, 3 ], Lempert 9 , 10], and Zeriahi 17] . If has nite support, then G is the pluricomplex Green function of X with a logarithmic pole of weight (a) at each point a of the support. Such functions were rst de ned by Lelong 8] . This paper is a study of the much larger class of functions G A = G , where A is a (closed) complex subspace of X, and = A is the Lelong number of the plurisubharmonic function log maxfjf 1 j;:::;jf m jg, where f 1 ; : : : ; f m are local generators for the ideal sheaf of A. This number is independent of the choice of generators. We call G A the pluricomplex Green function with a logarithmic pole along A, or simply the Green function with a pole along A.
Our results here are based on our previous work 6] in the theory of disc functionals and their envelopes, which in turn builds on the pioneering work of Poletsky 11, 12] . Indeed, on domains in Stein manifolds (and in fact under certain much weaker conditions), G A is the envelope of the Lelong functional associated to the function A . In Section 2 we review the theory of disc functionals with emphasis on the three known classes of examples. We add a few new results to the theory of the Lelong functional, including a product property, generalizing a result of Edigarian 3] .
In Section 3 we study the pluricomplex Green function with a logarithmic pole along a complex subspace. Our main results may be summarized as follows.
Main Theorem. Let If X has a strong plurisubharmonic barrier at p 2 @X n B, then G A (x) ! 0 as x ! p.
If A is a divisor, then the Levi form of G A is at least times the current of integration over A.
If X has a strong plurisubharmonic barrier at every boundary point and B is a principal divisor, then the set of points in X at which G A is discontinuous is pluripolar.
We relate G A to the Poisson and Riesz functionals. This yields several alternative de nitions of G A . We show that G A is uniquely determined by some of its key properties when A is a principal divisor. We also present a few instructive examples. Among other things, through an investigation of Green functions, we obtain a bounded pseudoconvex domain in C 2 such that log tanh of the Carath eodory distance to the boundary is not plurisubharmonic.
Disc functionals and their envelopes
Let X be a complex manifold. A holomorphic map from the unit disc D to X is called an analytic disc in X, and if it can be extended holomorphically to some neighbourhood of D then it is called a closed analytic disc in X. We let O(D;X) denote the set of all analytic discs in X and A X denote the set of all closed analytic discs in X. A disc functional on X is a map H from a subset of O(D ; X) containing A X to R f 1g. The envelope of H is the function EH : X ! R f 1g de ned by the formula EH(x) = inffH(f) ; f 2 A X ; f(0) = xg:
Envelopes of disc functionals were rst de ned and studied by Poletsky 11, 12] . In our paper 6], we studied three classes of examples of disc functionals and proved that their envelopes are plurisubharmonic for a large collection of manifolds X. 
The sum, which may be uncountable, is de ned as the in mum of its nite partial sums. Here, m z (f) denotes the multiplicity of f at z, de ned in the following way. If f is constant, let m z (f) = 1. If f is nonconstant, let (U; ) be a coordinate neighbourhood on X with (f(z)) = 0. Then there exists an integer m such that (f(w)) = (w?z) m g(w)
where g : V ! C n is a map de ned in a neighbourhood V of z with g(z) 6 = 0. The number m, which is independent of the choice of local coordinates, is the multiplicity of f at z.
We de ne F L = fu 2 PSH(X) ; u 0; u g: which implies that the function G f is harmonic outside the countable set where it takes the value ?1.
In 6] we proved that the envelopes of the three functionals are plurisubharmonic for a large class of manifolds with mild conditions on ', v, and . We de ne k X = log tanh X . By composing the map f in the de nition of X with an automorphism which sends 0 to w and z to the a point on the positive real axis, and then replacing it by z 7 ! f(z=r) with r > 1 and r close to 1, we see that k X (x; a) = infflog t ; t 2 (0; 1); f(t) = a; f(0) = x; for some f 2 A X g:
If X is a domain in a Stein manifold, then G = EH L = EH k X P 6, Thm. 5.3]. Let G a be the pluricomplex Green function with a logarithmic pole at a. Then G a k X ( ; a). If u 2 F L and a 2 X, then u (a) (a), so u (a)G a , and
The above results may be summarized as follows. A relatively compact domain X in a complex manifold is said to be B-regular if every continuous function on the boundary of X extends to a continuous function on the closure of X which is plurisubharmonic on X. This notion is due to Sibony 13] . It is easily seen that a B-regular domain has a strong barrier at every boundary point, and for domains in C n , the converse holds. For a weaker result on an arbitrary K ahler manifold, see Lemma 3.7. In C n , strongly pseudoconvex domains and smoothly bounded pseudoconvex domains of nite type are B-regular, and B-regular domains are hyperconvex, but not vice versa.
2.4. Proposition. Let be a nonnegative function on a domain X in a complex manifold Y , and assume that there exists a strong plurisubharmonic barrier v at p 2 @X. If some u in F L is bounded below on a neighbourhood of p, then G has limit zero at p. Edigarian 3] has proved that if X 1 and X 2 are domains in C n 1 and C n 2 respectively, and a = (a 1 ; a 2 ) 2 X = X 1 X 2 , then G a (x) = maxfG a 1 (x 1 ); G a 2 (x 2 )g; x = (x 1 ; x 2 ) 2 X: (f(a k )) m a k (f) log ja k j < : If the sum equals ?1 and f is nonconstant, then a k = 0 for some k and (f(0)) > 0. Then we may assume that l = 1 and a 1 = 0. We choose a 2 D n f0g so close to 0 that f is holomorphic in a neighbourhood of the image of D ! C , z 7 ! z(z ? a), and m 0 (f) log jaj < . If we replace a 1 = 0 by a and f by z 7 ! f(z(z ? a)), then (2.2) holds. If f is constant, then m a (f) = +1 for all a 2 D and the sum in (2.2) equals ?1. We choose a 2 D n f0g so close to zero that (x) log jaj < . Let U be a neighbourhood of x in X with a biholomorphism : U ! D n , x 7 ! 0. Let r > 1 and = id : D r U ! D r D n , where D r = fz 2 C ; jzj < rg. Now we set l = 1, a 1 = a and replace f by the The second inequality is equivalent to (2.3). To prove the rst one, suppose jb j j < jc j j j e . Now j (0)j < e and j j = 1 almost everywhere on T. Choose r 2 (0; 1) so close to 1 that log j (0)j ? 1 Since (f(z i )) = min j j (f j (a jk j )) = 1, we get 3.1. Example. Let X be the unit ball in C n . We have X = X = c X , where c X is the Carath eodory distance on X, and G a = k X ( ; a) = log tanh X ( ; a), a 2 X. This is in fact true on any bounded convex domain in C n by work of Lempert 9] . Hence, for every submanifold A of X, G A k A = inf a2A G a = log tanh c X ( ; A) = log tanh X ( ; A):
Now let A be the hypersurface de ned by the equation z 1 = 0, and write z 2 C n as z = (z 1 ; z 0 ) with z 1 2 C and z 0 2 C n?1 . Then G A (z) = log jz 1 Proof. Let p 2 A \ U. We will show that G A ? log jfj is locally bounded above at p.
We may assume that p is a smooth point of the reduction of A, since plurisubharmonic functions always extend across subvarieties of codimension at least 2. By applying a local biholomorphism, we may assume that p = 0 2 C n , that the unit polydisc P centred at p is in U, and that the reduction of A is given by the equation z 1 = 0 in P. If z = (z 1 ; z 0 ) 2 P, then the analytic disc 7 ! ( ; z 0 ) maps 0 to (0; z 0 ) and z 1 to z, so k X (z; (0; z 0 )) = log tanh X (z; (0; z 0 )) log tanh % D (0; z 1 ) = log jz 1 j; and G A (z) k A (z) A (0; z 0 )k X (z; (0; z 0 )) A (0; z 0 ) log jz 1 j:
At p, the germ of f is the product of z s 1 and a unit, where s = A (p) = log jfj (p) is the order of the zero of f at p, which equals the order of vanishing of f along the reduction of A at p, and this is the same at every point of A \ P. Hence for z = (z 1 ; z 2 ) 2 X. By Theorem 2.5, or as in Example 3.1, G A (z) = G (z) = maxfG 1 (z 1 ); G 2 (z 2 )g = maxflog jz 1 j;?1g = log jz 1 j: Clearly, G A does not go to zero at all points of @X n A. 3.5. Example. Let X be the unit ball in C n . It is well known that for a 2 X, the Lelong functional H fag L , whose envelope is the pluricomplex Green function G a with a logarithmic pole at a, has essentially unique extremal discs, whose images are complex geodesics in X. More precisely, for x 2 X, x 6 = a, there is f 2 A X with f(0) = x, unique modulo precomposition by a rotation, such that G a ( which is connected and intersects each complex geodesic through the origin in either zero or two points.
This proves the following. There is a smooth curve in C 2 whose intersection A with the unit ball X is nonempty and connected such that:
(1) G A 6 = inf a2A G a , (2) the functions inf a2A G a , k A , log tanh c X ( ; A), and log tanh X ( ; A) (which are in fact all equal) are not plurisubharmonic on X, and (3) log tanh c X ( ; A) is not dominated by G A , even though log tanh c X ( ; a) G a for every a 2 X. Furthermore, the domain Y = X n A has the same Carath eodory distance as X because A is removable for bounded holomorphic functions. The strongly convex part of @Y is in nitely distant from any point of Y , so c X (y; A) is in fact the Carath eodory distance from y 2 Y to @Y . Hence, Y is an example of a bounded pseudoconvex domain in C n such that log tanh of the Carath eodory distance to the boundary is not plurisubharmonic.
Finally, we shall establish a uniqueness property and a continuity property of the pluricomplex Green function with a logarithmic pole along a complex subspace A. Although we expect these results to hold in general, at present we can only prove them when A is a principal divisor.
Recall that if X is a Stein space with H 2 (X; Z) = 0, then the second Cousin problem can be solved on X, so every divisor on X is principal.
3.6. Uniqueness Theorem. Let X be a relatively compact domain in a complex manifold. Let A be the divisor of a holomorphic function f on X. If u is a negative plurisubharmonic function on X such that (1) u is locally bounded and maximal in X n A, (2) for every " > 0 there is a compact subset K of X such that G A u+" on X nK, and (3) every point in A has a neighbourhood U with a constant C > 0 such that log jfj ? C u log jfj + C on U; then u = G A .
Proof. By Proposition 3.2, G A ? log jfj extends to a plurisubharmonic functionG A on X. The functionũ = u?log jfj is plurisubharmonic on X nA and locally bounded on X, so it extends to a locally bounded plurisubharmonic function on X. Since u is maximal on X n A, so isũ. Since A is pluripolar,ũ is maximal on X 5, Prop. 4. Here, this has the important consequence that the class fv 2 F ; v min'g is compact.
We do not know if this is true without the K ahler condition. Proof. By hypothesis, X is regular with respect to the Laplacian, so there is a continuous function h on X, harmonic on X, with hj@X = '. Then F coincides with the class fv 2 PSH(X) ; v hg. Hence, u = sup F h, so u h by continuity of h. Since u is plurisubharmonic, u 2 F, so u = u. This shows that u 2 F. Let U be a relatively compact domain in X, and let v be plurisubharmonic on X such that v u on @U. Let w = maxfu; vg on U; u on X n U: Then w is plurisubharmonic on X and w j@X = u j@X ', so w u. Hence, v u on U. This shows that u is maximal, and uniqueness follows. Now let p 2 @X and < '(p). Let Since is arbitrary, this shows that lim
The next lemma was proved by Walsh 15] for domains in C n , and generalized to Banach spaces by Lelong 8] Being plurisubharmonic, G A is quasi-continuous 5, Thm. 3.5.5], but a quasi-continuous function may be discontinuous everywhere.
3.9. Theorem. Let X be a relatively compact domain in a Stein manifold with a strong plurisubharmonic barrier at every boundary point. Let A be the divisor of a holomorphic function f on X which extends to a continuous function on X. Then the set of points in X at which G A is discontinuous is pluripolar.
We are unable to prove that G A is continuous, nor do we have counterexamples. Continuity of the single-pole Green function on a bounded hyperconvex domain in a Stein manifold was proved by Demailly 1] . Continuity of the Green function with nitely many weighted poles on a bounded hyperconvex domain in a Banach space was proved by Lelong 8] .
Proof. By Proposition 3.2, G A ? log jfj extends to a plurisubharmonic functionG A on X. By Lemmas 3.7 and 3. 8 
